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E-mail address: bent.soerensen@risoe.dk (B.F. SøThe fracture of adhesive joints between two glass-ﬁbre laminates was studied by testing
double cantilever beam test specimens loaded by uneven bending moments. A large-scale
fracture process zone, consisting of a crack tip and a ﬁbre bridging zone, developed. The
mixed mode fracture resistance increased with increasing crack length, eventually reach-
ing a steady-state level (R-curve behaviour). The steady-state fracture resistance level
increased with increasing amount of tangential crack opening displacement. Cohesive
laws, obtained from fracture resistance data, were used for prediction the load carrying
capacity of 2-m long ‘‘medium size” adhesive joint specimens subjected to four point ﬂex-
ure. Medium size specimens were manufactured and tested. A good agreement was found
between the predicted and measured strength values of the medium-size specimens. Thus,
the scaling from small specimens to medium-size specimens was successfully achieved.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Many large components, such as ships, aircrafts and wind turbine blades are made of composite structures that are joined
by adhesive bonds. It is therefore of great interest to establish engineering approaches for safe design of adhesively bonded
composite structures. Traditionally, two different approaches have been used (Kinlock, 1987; Matthews, 1987): The one ap-
proach is to design against crack initiation; the other concerns crack growth. Typically, a criterion for crack initiation is a
maximum stress criterion, i.e., it is assumed that crack initiation takes place when a stress component reaches a critical va-
lue. Crack growth criteria are typically based on linear elastic fracture mechanics. Then, it is assumed that crack propagation
takes place when the energy release rate reaches a critical value, denoted the crack tip fracture energy. However, crack
growth in ﬁbre composites can be complicated by the occurrence of crack bridging during crack growth. Crack bridging oc-
curs in the form of many single ﬁbres or ﬁbre bundles that connect the crack faces in the crack wake behind the crack tip. The
bridging ﬁbres restrain the crack opening and raise the fracture resistance (R-curve behaviour), see e.g. Suo et al. (1992). The
fracture resistance enhancement due to ﬁbre bridging can be large in comparison with the crack tip fracture energy (Albert-
sen et al., 1995; Sørensen and Jacobsen, 1998; Feih et al., 2005).
Since crack bridging is a large-scale fracture process zone, it should not be characterised in terms of linear elastic frac-
ture mechanics (LEFM). Instead, the fracture process zone can be modelled by non-linear fracture mechanics, e.g. by a
cohesive zone model (Dugdale, 1960; Barenblatt, 1962; Foote et al., 1986; Hillerborg, 1991; Cox and Marshall, 1991;
Suo et al., 1992; Östlund, 1995). Crack bridging is then represented by surface tractions along the crack face. The relation-
ship between the local traction and the local opening is usually taken to be a material property called the cohesive law (or
a bridging law if a crack tip stress singularity is retained (Bao and Suo, 1992)). In ﬁnite element simulations, the mesh
should be sufﬁciently reﬁned so that cohesive/bridging tractions are obtained with a adequately spatial resolution; at least. All rights reserved.
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integration-path independent J integral (Rice, 1968), which can be applied to large-scale bridging problems (Suo et al.,
1992).
Cohesive laws have been used in the characterisation and modelling of adhesive joints (Yang et al., 1999; Mohammad and
Liechti, 2000; Kafkalidis and Thouless, 2002; Sørensen, 2002). Li et al. (2005, 2006) used cohesive laws to represent the frac-
ture process zone of adhesively bonded polymer–matrix composites consisting of randomly oriented glass ﬁbres in a poly-
propylene matrix. First, Mode I and Mode II cohesive laws were obtained from experiments. Next, mixed mode cracking of a
sandwich single-shear lap specimen was predicted using Mode I and a Mode II cohesive laws that were unrelated except
being coupled through a failure criterion. The model predictions were compared with experimental results and a good agree-
ment was found.
In other studies, the cohesive laws represent the entire adhesive layer (Yang and Thouless, 2001; Sørensen, 2002).
Then, the openings dn and dt comprise both elastic deformation of the adhesive layer and the opening of the fracture
process zone. The cohesive law must give an elastic opening with increasing stress even before the peak stress is
reached.
In the papers listed above, the determination of mixed mode cohesive laws required signiﬁcant computational efforts, e.g.
by incremental ﬁnite element models of test specimens to ﬁt global specimen response e.g. the load-displacement curve
(Yang et al., 1999; Kafkalidis and Thouless, 2002) or a near crack tip displacement ﬁeld (Mohammad and Liechti, 2000; Liech-
ti and Wu, 2001). This is an iterative process. Typically, a number of ﬁnite element analyses with different cohesive zone
parameters are performed, before the correct cohesive law parameters are identiﬁed. Obviously, it is of interest to develop
simpler and more direct approaches for the measurements of mixed mode cohesive laws. One such approach is to derive
cohesive laws from fracture resistance data, using a J integral approach. This approach has been used primarily for mode
I (Li and Ward, 1989; Sørensen and Jacobsen, 1998; Sørensen, 2002). Only a few recent studies aim to determine details
of mixed mode cohesive laws (Högberg et al., 2007; Sørensen and Jacobsen, 2008). In the present study, we determine
the fracture resistance for various nominal mode mixities. However, we only determine cohesive laws (using the J integral
approach) for pure Mode I and Mode II.
The major aim of the present study was to predict the strength of the adhesive joints from properties determined from
smaller laboratory specimens. In the present study, the major complication is the development of a large-scale bridging zone
that prevents the use of LEFM. Instead, the large-scale fracture process zone is modelled by a cohesive zone.
The paper is organised as follows: ﬁrst, the basic mechanics of crack bridging, cohesive law, and the analysis of the DCB-
UBM (double cantilever beam specimens loaded with uneven bending moments) test specimen is presented. Next, we de-
scribe the practical test set-up. Two model approaches, used (an analytical and a numerical) for predicting the strength of
the medium size specimens, are described. Results from the DCB-UBM test specimens are then given. Next follows the test
results of the medium size specimens. Model predictions are presented and compared with the experimental results. Finally,
the methods are discussed and major conclusions are drawn.
2. Basic mechanics
2.1. Concepts of cohesive laws
The stress transferred across the crack faces of the fracture process zone can be described in terms of cohesive laws
(sometimes called traction–separation laws). Then, the local normal stress rn and the local shear stress rt in the fracture
process zone are taken to be functions of the local crack opening in the directions normal and tangential to the local crack
plane, denoted dn and dt, respectively, i.e., asrn ¼ rnðdn; dtÞ; rt ¼ rtðdn; dtÞ: ð1Þ
It is commonly assumed that when the openings reach critical values, denoted d0n and d
0
t respectively, the cohesive stresses
have decreased to zero. The critical openings may depend on the ratio between d0t and d
0
n.
Evaluation of the J integral along a path Cloc around the fracture process zone gives (Sørensen and Kirkegaard, 2006)J ¼
Z dn
0
rnðdn; dtÞddn þ
Z dt
0
rtðdn; dtÞddt; ð2Þwhere dn and d

t are the normal- and tangential crack opening displacement at the end of the cohesive zone, see Fig. 1. We
denote the value of the J integral during cracking by JR, the fracture resistance. When d

n and d

t reaches critical values, d
0
n and
d0t , the fracture resistance attains a (constant) steady-state value, denoted, Jss. Eq. (2) can then readily be interpreted as the
work per unit area of the cohesive stresses.
In the present study, the cohesive laws are taken to represent a fracture process zone that initially has no thickness. Then,
on physical grounds, the normal and shear stresses ahead of the crack must surpass some peak stresses, (denoted r^n and r^t ,
respectively) before damage develops and crack opening begins (see Fig. 1).
Under pure normal opening, dn–0; d

t ¼ 0 (in the following denoted pure Mode I), the last integral in (2) becomes zero.
Then, it follows (Li and Ward, 1989; Olsson and Stigh, 1989; Suo et al., 1992):
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Fig. 1. Mixed mode crack bridging and schematic cohesive laws.
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ddn
¼ rnðdnÞ: ð3ÞThe pure Mode I cohesive law can thus be obtained from the fracture resistance of a Mode I experiment by differentiation if
the end-opening dn is recorded during the experiment.
Likewise, under pure tangential opening (in the remainder of the paper referred to as pure Mode II), dn ¼ 0. Then, the ﬁrst
integral in (2) vanishes so thatdJR
ddt
¼ rtðdt Þ: ð4ÞThus, the pure Mode II cohesive law can be obtained from fracture resistance data of a Mode II experiment if the end-sliding
dt is measured during the experiment. A generalisation of this approach to the determination of mixed mode cohesive laws is
given by Sørensen and Kirkegaard (2006). In the present study, we limit our analysis to the pure modes and use Eqs. (3) and
(4).
2.2. Analysis of the DCB-UBM specimen
In the present study, the basic fracture mechanical properties are determined by the use of a DCB-UBM specimen, see
Fig. 2. This specimen has the prominent feature that the J integral solution can be determined analytically under large-scale
bridging (LSB). In the present study, isotropic linear elastic properties are assumed outside the fracture process zone. Small
strains, small rotations and small displacements are assumed.b
FF
F
F
2 m
a
h2
h1
30 cm
a
M1
M2
H
Material #1
D
M +M1 2
h
H
#2
Neutral Axis
t
Fracture mechanics parameters are obtained from double cantilever beam specimens loaded with uneven bending moments (DCB-UBM) (a) and
r the prediction of the load-carrying capability of ‘‘medium size” specimens subjected to four-point ﬂexure (b).
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fracture process zone are longer than a few times the beam height, the J integral result is independent of crack length. The
only non-zero contributions come from the beam-ends, which are subjected to pure bending. Under plane stress, the only
stress component that enters the analysis is the normal stress in the direction parallel to the specimen (the x1-directions).
The result for a DCB-UBM specimen sandwich specimen is (Sørensen et al., 2006; Østergaard and Sørensen, 2007)J ¼ 1
B2H3E2
M21
2g3I0
þ 6M22 
ðM1 þM2Þ2
2g3I1
( )
; ð5ÞwhereM1 andM2 denote the applied bending moments (positive signs are shown in Fig. 2), B is the specimen width, H and E2
denote the thickness and Young’s modulus, respectively, of the beams (material #2). For plane strain, the result should be
multiplied by the term 1 m22, where m2 is the Poisson’s ratio of the beams (material #2). The non-dimensional parameters
g, I0 and I1 are given by (Suo and Hutchinson, 1990; Østergaard and Sørensen, 2007)g ¼ h
H
; ð6Þwhere h is the thickness of the adhesive layer (material # 1),I0 ¼ 13
1
g3
 D
g2
þ D
2
g
þ R 1
g2
þ 1
g
þ D2  2D
g
 Dþ 1
3
 
; ð7ÞandI1 ¼ 112 Rþ
8
g3
þ 12
g2
þ 6
g
 
: ð8ÞFor plane stress, the stiffness ratio parameter, R, is deﬁned asR ¼ E1
E2
ð9Þwhere E1 and E2 are Young’s moduli of the adhesive layer (material #1) and the beams (material #2), respectively. For plane
strain,R ¼ E1
E2
1 m22
1 m21
; ð10Þwhere m1 is Poisson’s ratio of the adhesive layer (material #1). In (7), the parameter D is a non-dimensional measure of the
position of the neutral axis (D denotes the distance from the top of the skin layer to of the neutral axis of the bimaterial
beam), see Fig. 2,D ¼ D
h
¼ 1þ 2Rgþ Rg
2
2gð1þ RgÞ : ð11ÞAs mentioned, the J integral result is independent of crack length; the DCM-UBM is a steady-state specimen. For most other
well known fracture mechanics test specimens (including the traditional DCB specimen loaded with transverse forces) the J
integral evaluated around the external boundaries cannot be determined in closed analytical form under LSB (Suo et al.,
1992).
For crack growth initiation (i.e., the onset of growth of a sharp crack with no ﬁbre bridging), the LEFM concepts of energy
release rate, G, and the mode mixity, w, are applicable. Then, for the DCB-UBM specimen G ¼ J as given by (5). In the follow-
ing, we will use a nominal mode mixity, denoted wnom, calculated without accounting for the adhesive layer, i.e., calculated
by analysing the homogenous specimen (Sørensen et al., 2006)wnom ¼ tan1 k1=4
ﬃﬃﬃ
3
p
2
M1 þM2
M2 M1
 !
; jM1j < M2; ð12Þwhere k is a dimensionless orthotrophy parameter introduced by Suo (1990). In the following, we take k = 0.3.
For an interface crack in a bimaterial specimen, the mode mixity is usually deﬁned as the phase angle of Kh^ie:w ¼ ImbKh^
iec
RebKh^iec
; ð13Þwhere K = K1 + iK2 is the complex stress intensity factor (Rice, 1988; Hutchinson and Suo, 1992), h^ is a characteristic length,
i = (1)1/2 and e is a bimaterial constant (sometimes called the oscillating index)e ¼ 1
2p
ln
1 Db
1þ Db ; ð14Þ
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conditions) (Dundurs, 1969)Table 1
Isotropi
E1 (GPa
3
SubscriDa ¼ E1  E2
E1 þ E2
; Db ¼ l1ð1 2m2Þ  l2ð1 2m1Þ2l1ð1 m2Þ þ 2l2ð1 m1Þ
; ð15Þwhere Ej ¼ Ejð1 m2j Þ is the plane strain modulus and lj is the shear modulus (lj = Ej/2(1 + mj)) of material number j = 1,2.
Suo and Hutchinson (1989) have analysed the problem of a crack lying above an adhesive layer (denoted material #2 in
their study) in a sandwich specimen for which the adhesive layer thickness is much smaller than all other specimen dimen-
sions. Selecting the layer thickness as the reference length in the mode mixity deﬁnition (13), h^ ¼ h, the mode mixity of the
interface crack can be written asw ¼ wnom þxðDa;DbÞ; ð16Þ
where x is a phase angle that depends only on the two Dundurs’ parameters. For the present material system (Table 1), we
obtain Da = 0.83 and Db = 0.18. From Table 1 in Suo and Hutchinson (1989), we obtainx(Da = 0.8; Db = 0.2) = 10.5 (note
that we have labelled materials differently from Suo and Hutchinson; this merely changes the sign of Da and Db).
Knowing w, the phase angle of the crack opening displacements within the K-dominated zone,u ¼ tan1 dt
dn
 
; ð17Þwhere dn and dn are the crack openings in the normal and tangential directions, respectively, can be calculated from (Rice,
1988)u ¼ w e ln h
r
 
 arctanð2eÞ; ð18Þwhere r is the distance from the crack tip. We will use the relation (18) as a means to check the accuracy of the numerical
model.
However, since the main part of the present study concerns large-scale bridging, for which w looses it signiﬁcance as a
parameter controlling the fracture process zone, we will henceforward usewnom as an approximate measure of the loading of
the fracture process zone.
2.3. Analysis of medium size specimens
The medium size specimen (Plausinis and Spelt, 1995) is essentially the half of the so-called UCSB four point ﬂexure spec-
imen analysed earlier by Charalambides et al. (1989). This specimen is also a steady-state fracture specimen; J is indepen-
dent of the crack length and the analysis is valid for both LEFM and LSB ðG ¼ JÞ. The result is (plane stress)J ¼ 6 M
2
W2h32E
1 1
1þ ðh1=h2Þð Þ3
( )
; ð19ÞwhereM is the applied moment,W is the specimen width and E is Young’s modulus of the beams and h1 and h2 are the thick-
nesses of the short and long beam, respectively (see Fig. 2b). With the set-up shown in Fig. 2b,M = F‘, where F is the applied
load and ‘ is the moment arm. In the result given by (19), the presence of the adhesive layer is neglected.
Knowing the steady-state fracture resistance, Jss, the load at steady-state cracking, Fss, can be predicted from (19). The
result is (plane stress)Fss‘
W
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Jssh
3
2E
q ¼ 1ﬃﬃﬃ
6
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1
ð1þ ðh1=h2ÞÞ3
s : ð20ÞNeglecting the presence of the adhesive layer, the nominal mode mixity, wnom, is 40.9 for h1/h2 = 1, and increasing relatively
slowly with decreasing h1/h2 ratio to about 49 for h1/h2 = 0.1 (Charalambides et al., 1989). As for the DCB-UBM specimens,
the true mode mixity of a sharp interface crack lying at the upper interface of the adhesive layer is estimated to be about
10.5 lower.c elastic data for bimaterial specimen.
) m1 (dimensionless) E2 (GPa) m2 (dimensionless)
0.35 34 0.27
pts indicate material number (material #1: adhesive; material #2: composite).
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3.1. Manufacturing of specimens
The DCB-UBM adhesive joint specimens were made from a polymer–matrix composite containing long, aligned glass ﬁ-
bres. The plates were made by hand-lay up of dry ﬁbre fabrics, followed by matrix impregnation by vacuum infusion and
post-cured. The layup of the laminates was [±45, 08, ±45], i.e., almost unidirectional. A thin slip foil was placed at the one
end of the plates to act as a pre-crack and ease crack initiation. Then, an adhesive was applied to the surface of the one plate.
The other plate was then placed on the adhesive. Spacers were used to control the thickness of the adhesive layer, h, to
approximately 3 mm. Following post-curing, specimens, 30 mm in width, were cut from the sandwich plates. Steel parts
were ﬁxed to each beam by four steel screws (M5) and an epoxy adhesive. The specimen dimensions were identical to those
used in an earlier study (Sørensen et al., 2006). The elastic data for the adhesive (materials #1) and the laminate (material
#2) are listed in Table 1.
The medium size specimens were made in a similar manner as the DCB-UBM specimens, i.e., by vacuum infusion and
post-curing. The lay-up was predominately unidirectional ﬁbres oriented parallel to the beam direction. After curing, two
laminates, having uneven lengths, were joined by an adhesive layer. A pre-cut was made to act as a crack starter.
Six medium size specimens were made. There were two specimens for three different thicknesses of the shorter beam,
h1 = 10 mm, h1 = 32.5 mm and h1 = 60 mm. For all specimens, the length of the longest part was 2000 mm, the width, W,
was 60 mm nominally, and the thickness, h2, was nominally 60 mm. The length of the shorter laminate was 1380 mm
and the width was 60 mm. The thickness, t, of the adhesive layer was approximately 5 mm. The elastic properties of the
adhesive and laminate were taken to be identical to those of the DCB specimen (Table 1).
3.2. Test procedures
The DCB-UBM experiments were conducted by the use of a special test set-up utilising a wire and rollers (Sørensen et al.,
2006). The experiments were conducted in two parts, (i) crack initiation and (ii) monotonic loading following re-notching.
In the ﬁrst part, the specimen was loaded near-symmetrical loading (M1/M2 = 0.45) until crack growth initiated from the
slip foil. Typically, a signiﬁcant load drop and a relative large crack extension occurred in connection with crack initiation.
The associated crack opening displacement was about 20–40 lm. The rapid crack growth and the associated load drop pre-
vented detailed measurements of the initial part of the cohesive laws. Therefore, the crack tip position was marked up at the
side of the specimen, the specimen was unloaded, and a cut was made in the adhesive layer by a band saw until 1–2 mm
from the crack tip (re-notching). The purpose of this re-notching was to create a specimen that had a truly sharp crack
tip with very limited ﬁbre bridging.
Following re-notching, steel pins (diameter 1.4 mm) were placed in holes drilled in the laminates at the x1 position of the
crack tip. The pins were positioned at the mid-plane of the laminates to minimise their effect on the stress state in the spec-
imen. An extensometer (Instron, type 2620-602) was mounted at the pins, in a way that it could rotate freely and thereby
record a crack opening displacement, dm, see Fig. 3. At the other face, an LVDT (H. F. Jensen, type LDI 8/1 MR) was mounted
parallel to the adhesive layer in a special holder to measure the tangential displacements (denoted dt ) at the end of the cohe-
sive zone.
Then, in the second part, the specimen was loaded monotonically at a constant displacement rate (5 mm/min). Loading
was continued until a stationary load level (indicating steady-state fracture resistance) was achieved. During the experi-
ments, data for the applied moments, the extensometer and the LVDT were recorded at a PC using a data acquisition
programme.
The medium size specimens were tested in four point ﬂexure in a purpose-made ﬁxture. The ﬁxture consists of two parts.
The lower part (an I-beam) was supported at the ends by rods against the ground and the midpoint was supported at lower
part of the test machine. The upper part was mounted with a spherical bearing that allowed the part to rotate. This ensuredb
Cohesive
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δt*
d+δn*d+δm
a
d
Pins
H
H
h
Fig. 3. Schematics illustration showing the geometric relationship between the normal displacement, dn , and tangential displacement, d

t , and the measured
displacement, dm: (a) before and (b) after the development of a cohesive zone.
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at an Instron 1511 test machine. The end-opening of the crack, dm, was measured by an LVDT (H. F. Jensen, type TCA B/L 5S)
that could rotate freely. Therefore, dm could not be separated into displacements in the tangential and normal directions.
Like the DCB-UBM tests, the testing of the medium size specimens consisted of two parts: (a) crack initiation and (b) crack
growth. The medium size specimens were tested under a constant cross head speed of 2 or 5 mm/min. Data for load, the end-
opening and the crack length were recorded during the experiment.
3.3. Data analysis
For the DCB-UBM specimens, JR was calculated from Eq. (5), by the use of the elastic data listed in Table 1. For Mode I, d

n,
the displacement normal to the crack plane, was taken to be equal to dm. For mixed mode experiments, d

n was calculated by
the law of Pythagoras, see Fig. 3,dn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdþ dmÞ2  d2t
q
 d; ð21Þwhere d is the initial distance between the points at which the displacements are recorded. It should be noted that (21) is
only valid for small rotations. The displacement dm comprises both the stretch of the cohesive zone and the elastic deforma-
tion of the specimen from x2 = -d/2 to x2 = d/2; however, the elastic deformation is assumed to be so small that it can be ne-
glected (Sørensen and Jacobsen, 2000). In the present experiments, the pins were mounted at the neutral axis of the beams,
so that d = H + h. Having determined the end-openings, dn and d

t , Mode I and Mode II cohesive laws were calculated from
experimental results by (3) and (4) by the numerical differentiation scheme (using piecewise ﬁtting) described by Sørensen
(2002).
The magnitude of the end-opening was calculated asd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2n þ d2t
q
; ð22Þand the phase angle of the end-openings, u*, was calculated from the normal and tangential crack opening displacements asu ¼ tan1 d

t
dn
 
: ð23ÞThe value of u* at the onset of steady-state cracking is denoted u0.4. Modelling of crack propagation in medium size specimens
The interfacial crack growth in the medium size specimens was modelled by the ﬁnite element (FE) method using the
commercial code Abaqus, version 6.7 (2007). In order to reduce the computational time, only a part of the specimen,
1.5 m in length, was modelled as shown in Fig. 4(a). Denote the displacement vector by ui (where the subscript refers to
the coordinate axis (1 or 2) for the plane problem). The boundary conditions were speciﬁed as follows. The edge at
x1 = 1.5 m was constrained in the x1-direction (u1 = 0). Additionally, the node at (x1,x2) = (1.5 m,0 m) was constrained in
the x2-direction (u2 = 0).
The external bending moment, M = F‘, was applied to the left side of the specimen (Fig. 2b) by prescribing the displace-
ments of two nodes in increments using a procedure that creates a pure bending moment (Jacobsen and Sørensen, 2001). The
computations were terminated when the crack approached the specimen end.
The composite beams were modelled as a linear elastic orthotropic solid under plane stress conditions. Young’s modulus
in the x1-direction and major Poisson’s ratio are given as material #2 in Table 1. The minor Young’s modulus (in the x2-direc-
tion) was 10 GPa and the in-plane shear modulus was 4 GPa. The adhesive layer was also modelled as a linear elastic solid
with the elastic properties of material #1 in Table 1. Four-node elements (quadrilaterals) and triangular 3-node reduced inte-
grations elements were used. The combination of rectangular and triangular elements was selected in order to control the
mesh transition and keep the number of elements low. The smallest element was 0.1 by 0.1 mm2.
Crack growth can cause convergence difﬁculties when implicit FE methods are used. Although a number of numerical sta-
bility methods exist to overcome these difﬁculties, an explicit FE method is more robust (Belytschko et al., 2000). However,
often noise is present in the solution. In the present study, an explicit solver was used to solve the problem under quasi-static
conditions. In the solution procedure, viscous damping was also necessary for convergence. In all simulations, it was ensured
that the sum of the kinetic energy and the energy dissipated by viscosity was less than 1% of the total energy.
The crack growth at the interface between the upper composite beam and the adhesive was modelled using 4-node cohe-
sive elements of a ﬁnite but very small thickness (ht = 0.01 mm) corresponding to 0.2% of the adhesive thickness. A ﬁnite
(instead of zero) thickness was preferred in order to avoid interpenetration of the two surfaces adjacent to the cohesive ele-
ments. The length of the cohesive elements in the cohesive zone (in the x1-direction) was 0.1 mm. This small size ensured
that enough elements (typically more than 100) were active in the fracture process zone, giving accurate stresses (Turon
et al., 2007). The cohesive law parameters were approximated from the DCB-UBM experiments as described later in Section
5.2. In the FE model, the cohesive laws were taken to have a bilinear shape. Schematics of the pure Mode I and Mode II cohe-
1.5 m
F1
F2
x1
x2
a
b
Fig. 4. Geometry, loads and boundary conditions of the ﬁnite element model. (a) Typical FE mesh near the cohesive zone. The mesh shown corresponds to
the rectangular area (b).
748 B.F. Sørensen et al. / International Journal of Solids and Structures 46 (2009) 741–761sive laws, including parameters, are shown in Fig. 5. Note from Fig. 5 that the cohesive laws have initial rising parts with
stiffnesses kn and kt for Mode I and Mode II respectively. In the present study, this is purely a numerical feature intended
to make the numerical model run smoothly; as discussed in Section 2.1, no opening should occur before the cohesive normal
and shear stresses exceed r^n and r^t , respectively. Therefore, kn and kt were assigned high values (kn = kt ﬃ 14 E1/ht). Then, the
cohesive laws were practically linear softening.
A quadratic traction–interaction failure criterion was chosen for damage initiation in the cohesive elements:Fig. 5.
openinr^nðuÞ
r^n
 2
þ r^tðuÞ
r^t
 2
¼ 1: ð24ÞHere r^n is the peak stress of the cohesive law for pure Mode I and r^t is the peak stress under pure Mode II. Each cohesive
stress component is calculated from its conjugate opening and the relative stiffness of the cohesive zone (Camanho et al.,
2003). The points along the cohesive zone where the criterion is fulﬁlled constitute the active cohesive zone, and represents
the crack extension.
More details of the cohesive elements are given in Appendix A.n
n
n
n
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b
Schematics illustration of idealised cohesive laws used in the FE model of the present study; the cohesive stresses are shown as a function of
g: (a) pure normal opening and (b) pure tangential opening.
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5.1. Fracture resistance results from DCB-UBM tests
Initially, the crack propagation occurred along the adhesive/laminate interface towards the beam that was subjected to
the highest moment. After some, say, 20 mm crack extension, a new crack formed at the next interface within the laminate.
Subsequently, both the delamination crack and the interface crack grew. The cracking history is shown schematically in
Fig. 6. Bridging in the form of ﬁbre cross-over bridging was observed for both cracking planes. Fig. 7 shows the damage evo-
lution in a typical mixed mode test specimen.
Typical results for the fracture resistance, JR, are shown in Fig. 8. Here, the loading is expressed in terms of the nominal
mode mixity, wnom, as calculated by (12). It is obvious from Fig. 8 that the fracture resistance depends strongly on wnom and
on the magnitude of the crack opening.
The initiation and steady-state values of the JR-data are shown in Fig. 9. The experimental points are shown as points. Jss
lies around 2 kJ/m2 for 0 < wnom < 70. For wnom > 70, Jss increases with increasing w to about 4.0 kJ/m2.
The values for the crack growth initiation value, J0, data were ﬁtted with the phenomenological criterion proposed by
Hutchinson and Suo (1992)Fig. 6.
(a) butJ0ðwnomÞ ¼ J00f1þ tan2½ð1KÞwnomg; ð25Þ
where J00 is the initial fracture resistance at wnom = 0 and K is a dimensionless constant. A similar ﬁt was also made to the
steady-state fracture resistance, Jss. The ﬁtted curves are included in Fig. 9; upper and lower bounds are shown as dash-dot-
ted lines. The corresponding parameters are listed in Table 2.
Fig. 10 shows the critical opening, deﬁned as the magnitude of the crack opening displacement at the point where the
fracture resistance attains a steady-state value (and the cohesive zone is fully developed), as a function of the phase angle
of the end-opening, u0. A few observations can be made from Fig. 10. Under dominating normal opening ðu0  0Þ, the crit-
ical opening is of the order of a few mm’s, in agreement with earlier results of similar materials under pure Mode I (Sørensen
and Jacobsen, 1998; Feih et al., 2005). With increasing u0, steady-state is attained over a much smaller end opening.Machined
Notch
Interfacial Cracking
Adhesive Layer
Interlaminar Cracking
(delamination)
Interfacial Crackinga b45°
0°
0°
Schematics illustration of the cracking history in the DCB-UBM specimens. The crack propagation starts along the adhesive layer/laminate interface
later a delamination crack forms in the laminate (b).
Fig. 7. Photo of a specimen subjected to mixed mode cracking (M1/M2 = 0.45).
Fig. 8. Measured fracture resistance, JR, as a function of the end-opening for various values of the phase angle of the end-opening at the onset of steady
state.
Fig. 9. The measured initiation and steady-state fracture resistance, denoted J0 and Jss, respectively, are shown as functions of the nominal mode mixity.
Values for interfacial as well as delamination crack are shown.
Table 2
Fitting parameters to J0 and Jss.
Initiation Steady-state
J00 (J/m
2) K (dimensionless) J0ss (J/m
2) K (dimensionless)
Upper bound 450 0.33 2000 0.45
Best ﬁt 300 0.39 1850 0.5
Lower bound 125 0.42 1450 0.55
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Fig. 11 shows cohesive law obtained from Mode I and Mode II experiments by differentiation of the fracture resistance
data according to (3) and (4). For Mode I (Fig. 11a), the peak cohesive normal stress, r^n, is about 12 MPa. With increasing
Fig. 10. The mixed-mode opening at the onset of steady-state cracking as a function of the phase angle of opening.
a
b
Fig. 11. Cohesive laws obtained by the J integral approach: (a) pure mode I (wnom = 0) and (b) pure Mode II (wnom = 90).
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rn  0.5 MPa for dn = 1 mm.
The pure Mode II cohesive law (Fig. 11b) is markedly different. The cohesive shear stress, rt, rises nearly linearly to a peak
value, r^t , of about 17–26 MPa at a tangential crack opening displacement of about 0.06–0.09 mm. With increasing dt, rt de-
creases nearly linearly to zero at a tangential opening of 0.32–0.5 mm. Note that the peak stress of the shear stress during pure
Mode II is higher than that the peak stress of pure Mode I and that the shape of the two cohesive laws are quite different.
5.3. Determination of idealised cohesive laws
Approximate, idealised cohesive laws were constructed for the FE simulations. The peak stress and critical crack opening
for both Mode I and Mode II are selected so that the area under the stress–separation curves equals the steady state fracture
energy, Jss (believed to be the parameter that is determined most accurately in the experiments) in Mode I and Mode II,
respectively. For each Mode, three sets of parameters, corresponding to the best ﬁt, lower and upper bounds were deter-
mined. In deriving the Mode I cohesive laws for the lower bound, both the peak stresses and critical crack openings were
decreased so that the energy dissipation of the fracture process zone was equal to the lower bound curve of the steady-state
fracture resistance (Fig. 9). Likewise, upper bound cohesive law were made by increasing both the peak stresses and critical
crack openings to obtain a fracture energy corresponding to the upper bound curve of the steady-state fracture resistance.Table 3
Fitting parameters for cohesive laws.
Mode I Mode II
Peak stress, r^n (MPa) Critical opening, d0n (mm) Peak stress, r^t (MPa) Critical opening, d
0
t (mm)
Upper bound 2.76 1.45 22.72 0.42
Best ﬁt 2.64 1.40 20.15 0.37
Lower bound 2.30 1.24 16.67 0.30
Fig. 12. (a) Early stage of cracking of a medium size specimen having h1/h2 = 1. Cracking occurs along the adhesive/laminate interface as well as inside the
laminate. (b) Cracking of a medium size specimen having h1/h2 = 0.17.
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Appendix B.
5.4. Results for medium size specimens
In all experiments, a crack initiated from the pre-cut notch, but immediately grew out to the interface between the adhe-
sive and the laminate of the long beam. This was expected; a crack loaded such that a mixture of Mode II and Mode I exists at
the crack tip seeks to propagate in the direction to become a Mode I crack (Thouless and Evans, 1990). The ﬁrst part of the
crack growth took place along the adhesive/laminate interface. Thereafter, separation occurred in the external lamina (ori-
ented 45 with respect to the longitudinal direction of the beam) of the laminate, see Fig. 12. Then, extensive ﬁbre bridging
occurred. Usually, the crack propagation occurred stably, but rapid, unstable crack jumps were also observed.
For the specimens having small h1/h2, it was observed that, for long crack lengths, a signiﬁcant part of the crack, in par-
ticularly near the crack tip, experienced a very small normal opening, dn  0, indicating Mode II dominated cracking, see
Fig. 12b.
Examples of measured data, the moment, F‘, as a function of crack opening, dm, are shown in Fig. 13. The moment is
shown as a function of the end-opening for a monotonic test and a test with several unloading and reloading cycles. The
two curves follow each other reasonably well. The moment attains a steady-state value of about 3.5 kNm after a crack open-
ing of about 2 mm. Note, that the unloading-reloading curves show non-linearity and increasing hysteresis with increasingFig. 13. Example of relationship between applied force and crack opening under monotonic loading and partial unloading and reloading (h1/h2 = 1).
Fig. 14. Measured force-at-crack-growth as a function of crack extension. Points represent experimental values; curves are model predictions.
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hysteresis is unlikely to be due to viscoelasticity in the polymer. Instead, the hysteresis may be attributed to frictional con-
tact between the crack faces or broken ﬁbres that prevents the crack from closing.
The measured force (at the point of cracking) is shown as a function of crack length in Fig. 14 (only data after crack ini-
tiation are present in the ﬁgure). The ﬁgure shows that the required force increases to a steady-state value, that depends on
the thickness ratio, h1/h2. Specimens having a smaller h1/h2 value require a higher force to generate crack growth.
6. Modelling results
6.1. Validation of the ﬁnite element model
Fig. 15 shows model predictions from the FE model; the moment, F‘, is shown as a function of crack opening, dm, for
h1/h2 = 1 under monotonic loading. The cohesive laws used for Mode I and Mode II, correspond to the parameters given
in Table 3. The results of Fig. 15 agree well with the experimental data depicted in Fig. 13 for the same h1/h2. The moment
attains a steady-state value of 3.4 kNm. This value is somewhat lower that the value obtained experimentally. The steady-
state value is attained at a crack opening of about 2 mm. This corresponds well with the experimental results.
6.2. Strength predictions from FE simulations
The numerical predictions for the moment, F‘, as a function of the crack extension are presented in Fig. 16a for h1/h2 = 1.
Results based on different cohesive laws (upper, lower and average) are shown. The curves show similar trend: the fracture
load increases to a near-constant (steady-state) value after some crack extension. In the same ﬁgure, experimental data
(Fig. 14) are also included to facilitate the comparison between experiments and FE predictions. Fig. 16b and c shows results
for h1/h2 = 0.53 and 0.17, respectively. The numerical predictions show, like the experimental results, that an increasing mo-
ment is required to cause fracture of the specimens as the ratio h1/h2 decreases. Most of the experimental data are within the
bounds of the predictions.
Next, in Fig. 17 the phase angle of the end of the fracture process zone, u*, is shown as a function of crack extension for the
three h1/h2 ratios. The phase angles for the initiation of cracking are almost the same for the three different geometries,
u*  30–33. As the crack extends, u* increases to a steady-state value, denoted u0. The increase in u* is higher as the
h1/h2 ratio decreases. u0 takes a value of about 70–72 for h1/h2 = 0.17. In other words, for small h1/h2, the amount of Mode
II increased. This ﬁnding is in agreement with the experimental observations of Fig. 12b.
6.3. Strength predictions from analytical model
The steady-state force to propagate the crack along the interface in the medium size specimens can be predicted from the
fracture resistance data of the DCB-UBM specimens using Eq. (20). To do so, we must ﬁrst determine the appropriate value ofFig. 15. Relationship between applied moment and end crack opening under monotonic loading for h1/h2 = 1. The Mode I and Mode II cohesive laws
parameters are those listed in Table 3, whereas the steady-state fracture energy vs phase angle equals the ﬁtted curve of Fig. 9, using the parameter given in
Table 2.
a b
c
Fig. 16. Predicted relationship between applied moment and crack extension under monotonic loading for various h1/h2 ratios: (a) h1/h2 = 1, (b) h1/h2 = 0.53
and (c) h1/h2 = 0.17.
Fig. 17. Predicted phase angle of opening as a function of crack extension for various beam thicknesses.
B.F. Sørensen et al. / International Journal of Solids and Structures 46 (2009) 741–761 755Jss. For the small-scale bridging solution by Charalambides et al. (1989) we have that 41 < wnom < 49 for the thickness ratios
investigated. However, there are no measured values of Jss for that nominal mode mixity value. Therefore, we use the inter-
Fig. 18. Predicted (solid line) and measured values (points) of applied force at steady-state crack growth as a function of thickness ratio, h1/h2. Dashed lines
represent predictions based on upper and lower bounds for the steady-state fracture resistance (Jss = 2.5 kJ/m2 and Jss = 1.6 kJ/m2, respectively).
756 B.F. Sørensen et al. / International Journal of Solids and Structures 46 (2009) 741–761polation function (25) with the parameters given in Table 2. Then, we obtain Jss  2.2 kJ/m2. By inserting this value into (20)
we can predict the load carrying capability under steady-state cracking.
The predicted load levels are shown as lines in Fig. 18. The solid line is the prediction based on Jss = 2.2 kJ/m2; upper and
lower bound curves are based on upper and lower bound values of Jss from the DCB-UBM experiments at wnom  45.
Fig. 18 also shows the experimental values of the force at crack growth; average values are shown as points. The error
bars indicate highest and lowest values. It is seen that there is a good agreement between predictions based on the indepen-
dent fracture resistance measurements by the DCB-UBM specimens and the experimental results. The trend of h1/h2,
decreasing normalised force with increasing h1/h2, is predicted correctly.7. Discussion
7.1. The obtained cohesive laws
The shape of the Mode I cohesive law is similar to that found in other studies on cross-over bridging in ﬁbre composites
(Sørensen and Jacobsen, 1998; Feih et al., 2005) and predictions by a micromechanical modelling (Spearing and Evans, 1992).
7.2. Comparison between experiments and FE model results
The LEFM solution of the medium-size specimens predicts wnom = 41–49 when the adhesive layer is neglected (Chara-
lambides et al., 1989). By (16) we can account for the adhesive layer. We obtain w  30–38. Next, by (18) we get for
r = 1 mm (the length of ten elements, i.e., approximately the size of the fracture process zone) the phase angle of the open-
ings, u = w  0.1789 rad (u = w  10.25)  20–28. We expect the phase angle of the end-opening of the cohesive zone, u* to
be comparable to the LEFM predictions, u, for the medium-size specimens as long as the fracture process zones is small.
From Fig. 17, we see that u*  29–33. Thus, the phase angle of openings predicted by LEFM is slightly lower than the phase
angle obtained by the use of the cohesive laws. Since the cohesive zone modelling and the LEFM estimate are not directly
comparable (no fracture process zone is modelled in the LEFM model), this discrepancy is considered insigniﬁcant. This sug-
gests that the FE mesh is sufﬁciently reﬁned.
The results from the FE simulations agree well with the experiments in terms of load as a function of crack extension. In
addition, the change in phase angle with decreasing the h1/h2 ratio is also captured (see Figs. 12 and 17). It appears, however,
that the predicted values of the steady-state fracture load are slightly lower than the experimental results, see Figs. 15 and
16. This may be the result of the chosen cohesive law parameters.
The phase angle obtained using upper and lower bound parameters gave similar predictions for u0. However, it should
not be concluded that the response is insensitive to the cohesive zone parameters. Larger changes in the cohesive zone
parameters can change u0 and thus the steady-state fracture resistance. Examples of this are given in Appendix B, where
different peak stresses and critical openings are used while the fracture energy is kept constant. The results in Appendix
B show that the choice of cohesive law parameters can cause a change in phase angle, causing a change in the fracture resis-
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size specimens.
In the model of the paper, the critical opening for pure Mode I was in all cases less than 1.45 mm. However, as can be seen
from Fig. 10, the critical opening found in the fracture experiments is higher than 2.5 mm. This difference is a consequence of
approximating a non-linear cohesive law with a linear softening law. Despite that, the current numerical results capture all
the interesting behaviour of the experiments.
7.3. Comments regarding numerical and analytical modelling
Both the analytical and numerical models agree well with the load at steady-state cracking of the medium-size speci-
mens. Since we were successful in the prediction of the strength of the medium-size joints from the fracture data determined
independently from the DCB-UBM specimens, it is reasonable to expect that the strength of real structures can also be pre-
dicted with a good accuracy by the use of the present approach. An analytical solution exists for the medium size specimens
investigated in the present study. A real structure, having a more complex geometry, would most likely require a numerical
solution.Fig. A1. (a) Mode I cohesive law and (b) Mode II cohesive law as a function of dn and dt.
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In the present study, we have attempted to predict the fracture behaviour of 2-m long medium-size specimens experi-
encing large-scale crack bridging. The approach involves the determination of mixed mode fracture data from tests of smal-
ler (0.3-m long) double cantilever beam specimens subjected to uneven bending moments (DCB-UBM) and comparing the
prediction with strength values determined experimentally for medium size specimens. The following conclusions were
obtained:
 Due to the stable crack growth of the DCB-UBM tests, fracture resistance parameters for initiation and steady-state crack
growth could be obtained. Furthermore, Mode I and Mode II cohesive laws could be obtained using a J integral approach.
 The required load to propagate the crack in the medium size specimens, from crack initiation to steady state, predicted by
ﬁnite element simulations using cohesive laws, was found to be in good agreement with measurements.
 The load-carrying capability (the load under steady-state crack growth) of the medium size specimens were predicted by
the use of an analytical model; excellent agreement was found.
Together, these results lend conﬁdence to the suggested approach of obtaining fracture parameters from tests of DCB-UBM
specimens and using the fracture parameters for strength predictions of larger structures.a
b
Fig. B1. Schematic illustration of idealised cohesive laws used in the FE model of the present study; the cohesive stresses are shown as a function of
opening: (a) pure normal opening and (b) pure tangential opening.
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Appendix A
This appendix describes the functioning of the mixed mode cohesive laws in Abaqus. First, at a given load, the phase angle
of the openings, u, is determined by the relative openings of the cohesive element. Under the assumption that wnom = u, the
relevant fracture energy is determined from Eq. (25). Then, the critical openings, d0nðuÞ and d0t ðuÞ, are computed so that the
total area under the traction–separation curves (Mode I and Mode II) equals the fracture energy. A constraint in this calcu-
lation is that the damage variable (related to the cohesive stiffness) has the same value inMode I andMode II components – as
a result r^nðuÞ and r^tðuÞ of the element are decreased according to (24).
Fig. A1 shows the idealised Mode I andMode II cohesive laws for various modemixities. Since kn = kt and r^n < r^t , the peak
stress in normal direction decreases slowly from its maximum value (pure Mode I) with increasing the phase angle, u. How-Fig. B2. Predicted relationship between applied moment and crack extension under monotonic loading for h1/h2 = 1. Line colours refer to the cohesive laws
shown in Fig. B1.
Fig. B3. Predicted phase angle of opening as a function of crack extension for h1/h2 = 1. Line colours refer to the cohesive laws shown in Fig. B1.
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stress, which is low for a wide range of mode mixities and increases sharply as the pure Mode II situation is approached.
As mentioned in Section 4, kn and kt are considered as penalty parameters to prevent the crack opening before the failure
criterion (Eq. (24)) is satisﬁed. The experimental results in Fig. 11 suggest that the initial stiffness in the normal direction
(corresponding to kn) is higher than the initial stiffness in the tangential direction (kn > kt). Then, the cohesive laws
(Fig. A1) would be different. Unpublished research shows that this would give higher steady-state cracking load in compar-
ison with the results in Fig. 16. However, the trend regarding the effect of h1/h2 ratio would be the same.
Appendix B
Fig. B1a depicts three idealised Mode I cohesive laws. Each of the areas under the Mode I curves is 1850 J/m2, which the
(best ﬁt) steady-state fracture resistance for Mode I (see Fig. 9 and Table 2). The cohesive law (black line) approximates
the experimental peak stress best (see Fig. 11), however the critical crack opening is much smaller than the opening found
experimentally. The red cohesive law has a critical crack opening much closer to the one found experimentally; as a result,
the peak stress is low. The cohesive law in blue colour lies in between the other two case in terms of both the peak stress
and critical crack opening. Likewise, Fig. B1b shows three cohesive laws for mode II; they all have a fracture energy cor-
responding to the (best ﬁt) steady-state fracture resistance for Mode II (Fig. 9). But they have different peak stresses and
critical openings.
Simulations were made using the three different cohesive laws. Results are shown in Fig. B2. The moment at cracking is
shown as a function of the crack extension for h1/h2 = 1. When a cohesive law with a higher peak stress and a smaller critical
opening is used, the steady-state load is reached at smaller crack extension. Furthermore, the load at steady-state cracking is
lower.
The difference in the steady-state fracture resistance under mixed mode cracking can be understood by considering the
phase angle of the openings of the fully developed fracture process zone, u0, see Fig. B3. For the cohesive law with the high
peak stress and the small critical opening, the phase angle remains constant as the crack propagates. The steady-state phase
angle is higher for the cohesive law having a lower peak stress and a larger critical opening. Then, by Eq. (25) (and Fig. 9), it
follows that the mixed-mode steady-state fracture resistance becomes higher. Thus, even if the three cohesive laws have the
same fracture energy under pure modes, the change in the phase angle of the openings leads to different steady-state frac-
ture loads.
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